A Basis for the Symplectic Group Branching Algebra by Kim, Sangjib & Yacobi, Oded
ar
X
iv
:1
00
5.
23
20
v2
  [
ma
th.
RT
]  
16
 Ju
n 2
01
1
A BASIS FOR THE SYMPLECTIC GROUP BRANCHING ALGEBRA
SANGJIB KIM AND ODED YACOBI
Abstrat. The sympleti group branhing algebra, B, is a graded algebra whose
omponents enode the multipliities of irreduible representations of Sp2n−2(C) in
eah nite-dimensional irreduible representation of Sp2n(C). By desribing on B an
ASL struture, we onstrut an expliit standard monomial basis of B onsisting of
Sp2n−2(C) highest weight vetors. Moreover, B is known to arry a anonial ation of
the n-fold produt SL2 × · · · × SL2, and we show that the standard monomial basis is
the unique (up to salar) weight basis assoiated to this representation. Finally, using
the theory of Hibi algebras we desribe a deformation of Spec(B) into an expliitly
desribed tori variety.
1. Introdution
Let us onsider a pair of omplex redutive algebrai groups G and H with embedding
H ⊂ G, and irreduible representations VG and VH of G and H, respetively. A desrip-
tion of the multipliity of VH in VG regarded as a representation of H by restrition is
alled a branhing rule for (G,H). By Shur's lemma, the (branhing) multipliity
spae, HomH(VH, VG), enodes the branhing rule.
In this paper, we study the branhing multipliity spaes for the sympleti group
Sp2n(C) of rank n down to the sympleti group Sp2n−2(C) of rank n−1 by investigating
the assoiated branhing algebra. The branhing algebra is a subalgebra of the ring of
regular funtions over Sp2n(C). Moreover, it is graded, having the branhing multipliity
spaes as its graded omponents:
B ∼=
⊕
(D,F)∈Λn−1,n
HomSpn−1(τ
D
n−1, τ
F
n).
Here D and F run over highest weights for Sp2n−2(C) and Sp2n(C) respetively, and τD2n−2
and τFn are the assoiated nite-dimensional irreduible representations.
Branhing rules for (Sp2n(C), Sp2n−2(C)), espeially their ombinatorial aspets, are
well known (e.g., [Le71, Ki71, Ki75, KT87, KT90, Pr94℄). The main goal of this paper
is to investigate the branhing algebra B whih governs the branhing of sympleti
groups. Our main results are several-fold. Firstly, we desribe on B an algebra with
straightening law (ASL) struture whih presents B simply in terms of generators and
relations. Seondly, we show that this ASL struture is ompatible with a anonial
weight basis of B oming from a \hidden symmetry" of B, namely an ation of the n-
fold produt of SL2 whih ats irreduibly on the graded omponents of B. Finally, we
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unify these algebrai results with previously known ombinatorial rules governing the
branhing of sympleti groups via a tori degeneration of B into an expliitly desribed
tori variety.
In Setion 2, we onstrut the branhing algebra B and review branhing rules for
(Sp2n(C), Sp2n−2(C)). Then in Setion 3, we study B from the perspetive of an ASL
over a distributive lattie. Our rst result shows that B has a natural standard monomial
basis whih satises simple straightening relations. As a orollary we obtain a nite
presentation of B in terms of generators and relations.
Then, in Setion 4, we reall a theorem from [Ya10℄ whih shows that the natural
SL2 ation on B an be anonially extended to an ation of
L = SL2 × · · · × SL2 (n opies)
in suh a way that eah multipliity spae HomSp2n−2(C)(τ
D
n−1, τ
F
n) is an irreduible L-
module. In partiular, this theorem desribes a anonial deomposition of B into one-
dimensional spaes. Our seond result shows this deomposition is ompatible with the
ASL struture on B. In other words, the standard monomial basis is the unique (up to
salar) weight basis for the ation of L on B.
In Setion 5, we show that B an be atly deformed into a Hibi algebra, and, as
a orollary, that Spec(B) is a deformation of an expliitly desribed tori variety. In
partiular, this onnets our enumeration of standard monomials with the more ommon
desription of branhing rules using diagrams of interlaing weights.
In future work we will apply these results to study properties of the anonial weight
basis for irreduible representations of the sympleti group arising from this work.
Acknowledgment. We express our sinere thanks to Roger Howe for drawing our
attention to this projet. We also thank the two anonymous referees for their areful
reading and many helpful omments and suggestions whih greatly improved the paper.
2. Branhing algebra for (Sp2n(C), Sp2n−2(C))
In this setion we introdue our main objet of study, the branhing algebra for the
pair (Sp2n(C), Sp2n−2(C)).
2.1. Symplectic Groups. Let Qn = (qa,b) be the n× n matrix with qa,n+1−a = 1 for
1 ≤ a ≤ n and 0 otherwise. Then we dene the sympleti group
Gn = Sp(C
2n,Qn)
of rank n as the subgroup of the general linear group GL(2n,C) preserving the skew
symmetri bilinear form on C2n indued by[
0 Qn
−Qn 0
]
.
Let {ea} be the elementary basis of C2n, and denote by {ea, ea} the isotropi pairs,
where ea = e2n+1−a for 1 ≤ a ≤ n. With respet to this bilinear form, we an take the
subgroup Un of Gn onsisting of upper triangular matries with 1's on the diagonal as a
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maximal unipotent subgroup of Gn. We let U
−
n denote the subgroup of lower triangular
matries with 1's on the diagonal.
Let us identify Gn−1 with the subgroup of Gn whih ats as identity on the isotropi
spae spanned by {en, en g. Then Gn−1 an be embedded in Gn via
(2.1)
[
A B
C D
]
7→

 A 0 B0 I 0
C 0 D


where A,B,C,D are (n − 1) × (n − 1) matries, I is the 2 × 2 identity matrix, and 0's
are the zero matries of proper sizes.
A Young diagram is a nite left-justied array of boxes with weakly dereasing row
lengths, suh as
We shall identify a Young diagram F with its sequene of row lengths (f1, f2, . . . ). By
reading olumn lengths of F, we obtain its assoiated Young diagram Ft alled the trans-
pose of F. We write ℓ(F) for the number of non-zero entries in F and all it the length of
F. The Young diagram in the above example is (6, 4, 2, 1) or equivalently (6, 4, 2, 1, 0, . . . )
and ℓ(F) = 4. Its transpose Ft is (4, 3, 2, 2, 1, 1).
Reall that every nite-dimensional irreduible representation of Gn an be uniquely
labeled by a Young diagram with less than or equal to n rows by identifying its highest
weight µF with Young diagram F = (f1, · · · , fn):
µF(t) = t
f1
1 · · · t
fn
n .
Here t is an element of the maximal torus Tn of Gn
Tn =
{
diag(t1, · · · , tn, t
−1
n , · · · , t
−1
1 )
}
and F ∈ Zn with f1 ≥ · · · ≥ fn ≥ 0. See [GW09, Setion 3.2.1℄ for details. We let τFn
denote the irreduible representation of Gn labeled by Young diagram F.
To enode the branhing multipliities of τDn−1 in τ
F
n for all pairs of Young diagrams
(D, F), we will use the following semigroup
Λn−1,n = {(D, F) ∈ Z
n−1
≥0 × Z
n
≥0 : ℓ(D) ≤ n − 1, ℓ(F) ≤ n}
and onstrut an algebra graded by Λn−1,n. The semigroup struture of Λn−1,n is indued
by the natural embedding of Λn−1,n in Z
n−1
≥0 × Z
n
≥0 with addition.
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2.2. Branching Algebra B. On the ring R(Gn) of regular funtions over Gn, we have
the natural ation of Gn ×Gn given by
(2.2) ((g1, g2) · f) (x) = f(g
−1
1 xg2)
for f ∈ R(Gn) and (g1, g2) ∈ Gn × Gn. With respet to this ation, let us onsider the
aÆne quotient of Gn by U
−
n × 1.
Lemma 2.1 ([GW09, Theorem 12.1.5℄). As a Gn-module under right translation the
(U−n × 1)-invariant subalgebra of R(Gn) ontains every irreduible rational repre-
sentation of Gn with multipliity one:
(2.3) R(Gn)
U−n×1 =
⊕
F∈Λn
τFn
The algebra R(Gn)
U−n×1
is graded by the semigroup of dominant weights for Gn or
equivalently the set Λn of Young diagrams of length less than or equal to n.
In this setting, the irreduible representation τFn is the weight spae of R(Gn)
U−n×1
under the left ation of the maximal torus Tn with weight µ(−F), i.e.,
t · f =
(
t−f11 · · · t
−fn
n
)
f
for f ∈ τFn and t ∈ Tn. See [GW09, Setion 12.1.3℄ for further details.
By highest weight theory (e.g., [GW09, Setion 3.2.1℄) the subspae of τFn invariant
under the maximal unipotent subgroup of Gn−1 is spanned by highest weight vetors
of Gn−1-irreduible representations in τ
F
n. Therefore, the Un−1-invariant subalgebra of
R(Gn)
U−n×1
ontains the information of the branhing multipliities for (Gn, Gn−1). That
is,
Proposition 2.2. The (U−n ×Un−1)-invariant subalgebra of the ring R(Gn) deom-
poses as
R(Gn)
U−n×Un−1 =
⊕
(D,F)∈Λn−1,n
HomGn−1(τ
D
n−1, τ
F
n)⊗
(
τDn−1
)Un−1
Note that by Shur's lemma the dimension of HomGn−1(τ
D
n−1, τ
F
n) is equal to the
multipliity of τDn−1 in τ
F
n.
Definition 2.3. We all R(Gn)
U−n×Un−1
the branhing algebra for (Gn, Gn−1) and
denote it by
B = R(Gn)
U−n×Un−1
The algebra B has an ation of Tn × Tn−1, and the weight spae orresponding to the
Tn weight (−F) and Tn−1 weight D is preisely the omponent
B(D, F) := HomGn−1(τ
D
n−1, τ
F
n)⊗
(
τDn−1
)Un−1
appearing in Proposition 2.2. Sine the dimension of (τDn−1)
Un−1
is one, we an onsider
B(D, F) as the branhing multipliity spae for (Gn, Gn−1):
(2.4) B(D, F) ∼= HomGn−1(τ
D
n−1, τ
F
n)
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Therefore the dimension of B(D, F) is exatly the multipliity of the irreduible repre-
sentation τDn−1 appearing in τ
F
n. Moreover, by keeping trak of Tn × Tn−1 weights, it is
straightforward to hek that this denes a Λn−1,n-graded algebra struture on B:
B =
⊕
(D,F)∈Λn−1,n
B(D, F).
The dimensions of the graded omponents of B are given by the following ombinatorial
rule. For two Young diagrams F = (f1, f2, · · · ) and D = (d1, d2, · · · ), we say D interlaes
F and write D ⊑ F, if fi ≥ di ≥ fi+1 for all i.
Lemma 2.4. (1) (See, e.g., [GW09, Theorem 8.1.5℄) For Young diagrams D and
F with (D, F) ∈ Λn−1,n, the multipliity of τ
D
n−1 in τ
F
n as a Gn−1 representation
is nonzero if and only if
fj ≥ dj ≥ fj+2
for j = 1, 2, · · · , n − 1. Here we assume fn+1 = 0.
(2) (See, e.g., [Pr94, Proposition 10.2℄) The multipliity of τDn−1 in τ
F
n as a Gn−1
representation is equal to the number of Young diagrams E = (e1, . . . , en)
satisfying the onditions D ⊑ E and E ⊑ F, i.e.,
e1 ≥ d1 ≥ e2 ≥ · · · ≥ en−1 ≥ dn−1 ≥ en;
f1 ≥ e1 ≥ f2 ≥ e2 ≥ · · · ≥ en−1 ≥ fn ≥ en.
If D ⊑ E and E ⊑ F for some E then, we say that the pair (D, F) (or the triple
(D,E, F), if E should be speied) satises the doubly interlaing ondition. Note that
the branhing for (Gn, Gn−1) is not multipliity free, and D ⊑ E ⊑ F does not imply
D ⊑ F. We also note that the onditions in the seond statement an be visualized as,
by using the onvention of Gelfand-Tsetlin patterns,
f1 f2 · · · fn fn
e1 e2 · · · en−1 en
d1 · · · dn−1 dn
where the entries are weakly dereasing from left to right along the diagonals.
3. A standard monomial theory for B
In this setion we show that B arries a standard monomial theory, in the sense that it
has a natural basis whih satises a straightening algorithm. For the onept of standard
monomial theory and its development, we refer to [LR08℄ and [La03, Mu03℄.
3.1. Distributive Lattice for B. Let M2n = M2n(C) be the spae of 2n× 2n omplex
matries. For a subset C of {1, 2, · · · , 2n} of ardinality r, let
δC : M2n → C
denote the map assigning a matrix X ∈M2n the determinant of the r× r minor formed
by taking rows {1, 2, · · · , r} and olumns {c1, c2, · · · , cr}:
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(3.1) δC(X) = det


x1,c1 x1,c2 · · · x1,cr
x2,c1 x2,c2 · · · x2,cr
.
.
.
.
.
.
.
.
.
.
.
.
xr,c1 xr,c2 · · · xr,cr


for c1 < c2 < · · · < cr. We note that δC is a weight vetor under the left and right
multipliation of the diagonal subgroup of GL2n(C), i.e.,
(3.2) (t, s) · δC =
(
t−11 · · · t
−1
r
)
(sc1 · · · scr) δC
In partiular, the weight under the left and right ations enode the size of C and the
entries of C respetively.
For the branhing algebra B, we shall use the following subsets of {1, 2, · · · , n, n + 1}
for olumn indexing sets C:
Ii = {1, 2, · · · , i}
Jj = {1, 2, · · · , j, n}
J′j = {1, 2, · · · , j, n + 1}
Kk = {1, 2, · · · , k, n, n + 1}
for 1 ≤ i ≤ n − 1, 0 ≤ j ≤ n − 1 and 0 ≤ k ≤ n − 2, with the onvention of J0 = {n},
J′0 = {n + 1}, and K0 = {n,n + 1}.
Definition 3.1. The distributive lattice L for (Gn, Gn−1) is the poset onsisting of{
Ii, Jj, J
′
j, Kk : 1 ≤ i ≤ n − 1, 0 ≤ j ≤ n − 1, 0 ≤ k ≤ n − 2
}
with the following partial order :
J′i−1
Ji−1
Ii
}}}}}}}}
Ki−1
EEEEEEEE
J′i
@@@@@@@@@
zzzzzzzzz
Ji
for 1 ≤ i ≤ n − 1.
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Note that the join and meet of inomparable elements an be easily found as
Ii ∧ Ki−1 = J
′
i(3.3)
Ii ∨ Ki−1 = Ji−1
for eah i. This poset struture is very useful to organize the relations among δC for
C ∈ L. The following an be shown by a simple omputation, or see [BH98, Lemma
7.2.3℄.
Proposition 3.2. For 1 ≤ i ≤ n− 1, the following identities hold
δIiδKi−1 = δJ′iδJi−1 − δJiδJ
′
i−1
over the spae M2n and therefore over Gn.
Note that in the above Proposition, on the left hand side, Ii and Ki−1 are inomparable,
while on the right hand side J′i  Ji−1 and Ji  J
′
i−1. In other words, by applying
these relations, we an express any quadrati monomial in {δC : C ∈ L} as a linear
ombination of quadrati monomials whose indies are linearly ordered with respet to
. In this sense, we all these relations straightening relations, and we an study
the branhing algebra B in the ontext of an algebra with straightening law (ASL) (f.
[BH98, DEP82, Ei80℄).
Definition 3.3 ([Ei80℄). Let R be a ring, A an R-algebra, H a nite partially ordered
set ontained in A whih generates A as an R-algebra. Then A is an algebra with
straightening law on H over R, if
(1) The algebra A is a free R-module whose basis is the set of monomials of the
form α1 · · ·αk where α1 ≤ · · · ≤ αk in H.
(2) If α and β in H are inomparable, then
αβ =
∑
i
ciγ
(i)
1 . . . γ
(i)
ki
where γ
(i)
1 ≤ · · · ≤ γ
(i)
ki
, and, for i suh that ci 6= 0, r
(i)
1 ≤ α,β.
In the following setion we show the branhing algebra B is an ASL on {δC : C ∈ L}
over C.
3.2. Standard monomials for B. Let us reall that a Young tableau is a lling of a
Young diagram with positive integers. A Young tableau is alled a semistandard Young
tableau, if its entries in eah row are weakly inreasing from left to right, and its entries
in eah olumn are stritly inreasing from top to bottom.
Young tableaux with entries from {1, · · · ,m} may be identied with a produt of
determinants of minors over the spae Mm as follows. If the i-th olumn of a Young
tableau T ontains the entries
t1,i < t2,i < · · · < tri,i
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for 1 ≤ i ≤ s, then the orresponding polynomial in C[Mm] is
(3.4) δT =
∏
1≤i≤s
δ{t1,i,...,tri,i}
where δ{t1,i,...,tri,i}
is as dened in (3.1). See Example 3.10 below. This type of orre-
spondene between the set of Young tableaux and the set of produts of determinants
plays an important role in standard monomial theory of Grassmann and ag varieties.
For this diretion, we refer to, e.g., [Km08, LR08, MS05℄.
Coming bak to our setting, we will be onsidering monomials of the form
∏s
i=1 δCi
where Ci ∈ L (f. Denition 3.1). These are onsidered as regular funtions on Gn. From
(3.2), it is straightforward to see that every suh monomial is a weight vetor under the
left and right ations of the maximal tori of Gn and Gn−1 respetively. Moreover, by
denition of the U−n ×Un−1 ation on R(Gn), the funtions δC, and hene their produts∏s
i=1 δCi , are invariant under U
−
n × Un−1. In other words,
∏s
i=1 δCi ∈ B. Let B
′ ⊂ B
be the subalgebra generated by δC for C ∈ L. Clearly, B
′
is spanned by monomials∏s
i=1 δCi .
Now, we an form a Young tableau T by onatenating nitely many elements C1, . . . , Cs
hosen from L allowing repetition. We further assume that the size of Ci is not smaller
than that of Ci+1 for all i. We note that the weakly inreasing ondition on the elements
along the rows of T an be replaed by the hain ondition on L with respet to the
partial order . In other words, the elements C1, . . . , Cs of L are olumns of a semistan-
dard tableau T if and only if they are linearly ordered with respet to . This is true
in a more general setting (f. [Km08, Remark 3.3℄). With this observation, we dene
standard monomials for (Gn, Gn−1) as follows.
Definition 3.4. A monomial
∏
δCi in {δC : C ∈ L} is alled a standard monomial
for (Gn, Gn−1) if the olumn indies Ci form a multiple hain ∆
∆ = (C1  · · ·  Cr)
in the poset L. We write δ∆ for
∏
δCi.
The observation right after Proposition 3.2 now an be generalized in terms of standard
monomials.
Proposition 3.5. The set of standard monomials for (Gn, Gn−1) spans the subalge-
bra B ′ of B generated by {δC : C ∈ L}.
Proof. We want to show that every monomial an be expressed as a linear ombination
of standard monomials. Observe that any monomial δ =
∏
δCi an be expressed as
δ = (δI1δK0)
a1 · · · (δIn−1δKn−2)
an−1δ∆
where δ∆ is not divisible by IiKi−1 for i = 1, ..., n − 1. In partiular, δ∆ is a standard
monomial. We prove the laim by indution on a =
∑
ai.
If a = 0 then δ = δ∆ is standard, and there is nothing to show. Suppose a > 0, and
hene some ai > 0. Then by Proposition 3.2,
δ = (δI1δK0)
a1 · · · (δIiδKi−1)
ai−1 · · · (δIn−1δKn−2)
an−1(δJ′
i
δJi−1 − δJiδJ′i−1)δ∆
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Sine (δJ′iδJi−1 − δJiδJ
′
i−1
)δ∆ is a linear ombination of two standard monomials, eah of
whih is not divisible by IiKi−1 for i = 1, ..., n − 1, the result follows by indution. 
Remark 3.6. For a quadrati monomial δCδC ′, we an simply apply Proposition
3.2 to express it as a linear ombination of quadrati standard monomials
(3.5) δCδC ′ =
∑
h
rhδDhδD ′h
Note that for all h, the numbers of entries equal to i in the disjoint union C _∪C ′ and
in the disjoint union Dh _∪D
′
h are equal for 1 ≤ i ≤ n + 1. Therefore, as tableaux,
(Dh,D
′
h) is obtained from (C,C
′) just by rearranging the entries of C and C ′. In
fat the only dierene between the tableaux (Dh,D
′
h) is the position of the entries
n and n + 1.
In general, one we have a linear ombination of standard monomials for
∏
i δCi∏
i
δCi =
∑
k
sk(
∏
i
δHk,i)
then for eah k, we have the semistandard tableau Hk formed by Hk,i's. Beause of
the reason explained above, for all k, the Young diagrams of the Hk's are the same,
and as tableaux, their only dierene is the position of the entries n and n + 1.
Definition 3.7. The shape of a standard monomial δ∆ =
∏
δCi is F/D with
F = (f1, · · · , fn)
D = (d1, · · · , dn−1)
where F is the transpose of the Young diagram (|C1|, · · · , |Cr|) and dk in D is the
number of k's in the disjoint union _∪
r
i=1Ci for 1 ≤ k ≤ n−1. We write sh(δ∆) = F/D.
The following lemma is an immediate appliation of (3.2):
Lemma 3.8. Standard monomials δ∆ of shape F/D are weight vetors under the
ation of Tn × Tn−1, i.e.,
(t, s) · δ∆ =
(
t−f11 · · · t
−fn
n
)(
sd11 · · · s
dn−1
n−1
)
δ∆
where t = diag(t1, · · · , tn, t
−1
n , · · · , t
−1
1 ) and s = diag(s1, · · · , sn−1, 1, 1, s
−1
n−1 , · · · , s
−1
1 ).
In partiular, δ∆ ∈ B(D, F).
Now let us ount the number of standard monomials in B(D, F).
Proposition 3.9. There is a bijetion
{δ∆ : sh(δ∆) = F/D}↔ {E : D ⊑ E ⊑ F}
In partiular, dimB(D, F) = #{δ∆ : sh(δ∆) = F/D}.
Proof. The bijetion is a variation on the onversion proedure between semistandard
Young tableaux and Gelfand-Tsetlin patterns (f. [GW09, Setion 8.1.2℄). Let us be
more spei about the proedure in our ase.
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By the denition of sh(δ∆), if we erase all the boxes with n and n + 1 in the semi-
standard tableau ∆, then the remaining tableau gives the Young diagram D. As an
intermediate step, if we erase only the boxes with (n+1), then it gives a Young diagram
E suh that D ⊑ E and E ⊑ F.
Conversely, given E suh that D ⊑ E ⊑ F, dene a semistandard Young tableau of
shape F as follows: label the boxes of F/E by n + 1, the boxes of E/D by n, and the
remaining empty boxes by their row oordinate. The standard monomial orresponding
to E is then onstruted from this semistandard tableau.
The last statement follows by (2.4) and Lemma 2.4 (2). 
Example 3.10. In studying branhing multipliity spaes for (G4, G3), the following
monomial δ∆
δ∆ = δ{1234}δ{1245}δ{125}δ{14}δ{5}
as a regular funtion on G4 is a standard monomial. By onatenating its olumn
indies to make the semistandard Young tableau
1 1 1 1 5
2 2 2 4
3 4 5
4 5
we see the shape of δ∆ is F/D = (5, 4, 3, 2)/(4, 3, 1). By erasing all the boxes with 5's,
we obtain Young diagram E = (4, 4, 2, 1):
Note that the triple (D,E, F) satises the doubly interlaing ondition.
5 4 3 2
4 4 2 1
4 3 1
Theorem 3.11. The branhing algebra B is an ASL on {δC : C ∈ L} over C. In
partiular, standard monomials form a C-basis of the algebra B, and
B(D, F) = span{δ∆ : sh(δ∆) = F/D}.
Proof. Let us hek the rst ondition in Denition 3.3. Reall that B ′ is the subalgebra
of B generated by {δC : C ∈ L}, and that by Proposition 3.5, B
′
is spanned by standard
monomials. Now onsider the spae B ′ ∩ B(D, F). By Lemma 3.8, this spae ontains
all the standard monomials of shape F/D, and therefore, it is spanned by standard
monomials of shape F/D. By Proposition 3.9, the number of standard monomials of
shape F/D is equal to the dimension of the spae B(D, F). This shows that, for all
doubly interlaing pairs (D, F) ∈ ∧n−1,n, the standard monomials of shape F/D are a
basis of B(D, F). Sine B = ⊕(D,F)B(D, F) and the dimension of B(D, F) is zero unless
(D, F) satises the doubly interlaing ondition (Lemma 2.4), standard monomials form
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a C-basis of B. With Proposition 3.2, whih shows that B satises the seond ondition
in Denition 3.3, this shows that the branhing algebra B for (Gn, Gn−1) is an ASL on
{δC : C ∈ L} over C. 
Definition 3.12. The basis {δ∆} from Theorem 3.11 is alled the standard mono-
mial basis of B.
4. The standard monomial basis as a anonial weight basis
In this setion we give an interpretation of the standard monomial basis of the previous
setion as a anonial weight basis. In setion 4.1 we reall a theorem in [Ya10℄ whih
shows that the natural SL2 ation on B an be anonially extended to an ation of an n-
fold produt of SL2's in suh a way that the multipliity spaes B(D, F) are irreduible. As
a orollary of this theorem we obtain a anonial deomposition of B into one-dimensional
spaes. We then show in setion 4.2 that these one-dimensional spaes are exatly the
spans of standard monomial basis elements.
4.1. An irreducible action on the multiplicity spaces . The branhing algebra B
arries a natural algebrai representation of SL2. Indeed, there is a opy of SL2 in Gn
that ommutes with Gn−1 ⊂ Gn (f. (2.1)). This opy of SL2 ats on the branhing
multipliity spaes B(D, F), i.e. on the graded omponents of B. This ation is desribed
as follows: an element b ∈ B(D, F) is a Gn−1 equivariant map from τ
D
n−1 to τ
F
n, and given
x ∈ SL2, x.b is another suh morphism dened by (x.b)(v) = x.b(v) for any v ∈ τ
D
n−1.
Therefore B is a graded SL2-algebra. We refer to this ation as the \natural" SL2 ation
on B.
The branhing multipliity spaes are not irreduible SL2-modules. Indeed, they are an
n-fold tensor produt of irreduible SL2-modules (see Theorem 4.3 below). Nevertheless,
the natural SL2 ation an be uniquely extended to an irreduible ation of a produt of
SL2's. In this setion we explain how this is done.
Let L = SL2 × · · · × SL2 be the n-fold produt of SL2. We want to onstrut an ir-
reduible ation of L on B(D, F), in suh a way that the diagonally embedded SL2 ⊂ L
reovers the natural ation. Notie that in this formulation L is not the produt of
SL2's that lives in Gn. Indeed, the latter produt of SL2's does not at on the multi-
pliity spaes. The existene of this L-ation is more subtle, and an only be \seen" by
onsidering all multipliity spaes together, i.e. by onsidering the branhing algebra.
For two Young diagrams F = (f1, f2, · · · ) and D = (d1, d2, · · · ), the inequalities in
doubly interlaing ondition for (D, F) given in Lemma 2.4, i.e.
fi ≥ di ≥ fi+2
do not onstrain the relation between di and fi+1. In other words, we an have either
di ≥ fi+1, or di ≤ fi+1, or both. This motivates the following:
Definition 4.1. An order type σ is a word in the alphabet {≥,≤} of length n− 1.
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Suppose (D, F) ∈ Λn−1,n and σ = (σ1 · · · σn−1) is an order type. Then we say (D, F) is
of order type σ if for i = 1, ..., n − 1,{
σi = \ ≥ " =⇒ di ≥ fi+1
σi = \ ≤ " =⇒ di ≤ fi+1
For example, onsider the pair (D, F), where F = (3, 2, 1) and D = (3, 0). Sine d1 ≥ f2
and d2 ≤ f3, the pair (D, F) is of order type σ = (≥≤).
It will also be useful to introdue the notion of a generalized order type: if di = fi+1
then we plae an \=" in the ith position to denote that (D, F) satises order types with
both ≥ and ≤ in the ith position. For example, if F is as above and D = (2, 0) then we
say (D, F) is of generalized order type (=≤), sine in this ase (D, F) satises both types
(≥≤) and (≤≤).
Let Σ be the set of order types, and for eah σ ∈ Σ set
Λn−1,n(σ) = {(D, F) ∈ Λn−1,n : (D, F) is of order type σ}.
Lemma 4.2. For σ ∈ Σ, Λn−1,n(σ) is a sub-semigroup of Λn−1,n.
Proof. Suppose (D, F), (D ′, F ′) ∈ Λn−1,n(σ), and suppose σi = \ ≥ ". Then di ≥ fi+1 and
d ′i ≥ f
′
i+1, whih of ourse implies that di+d
′
i ≥ fi+1+ f
′
i+1, and hene (D+D
′, F+F ′) ∈
Λn−1,n(σ). The argument for σi = \ ≤ " is entirely analogous. 
Sine B is Λn−1,n-graded, in partiular
B(D, F)B(D ′, F ′) ⊂ B(D+D ′, F + F ′)
for (D, F), (D ′, F ′) ∈ Λn−1,n. Therefore, by the above lemma,
B(σ) =
⊕
(D,F)∈Λn−1,n(σ)
B(D, F)
is a subalgebra of B. Note that B(σ) has unit the trivial funtion on Gn, whih is an
element of the (0, 0)-omponent.
To eah (D, F) ∈ Λn−1,n we assoiate an irreduible L-module as follows. Let Vk be
the irreduible SL2-module of dimension k+1. Set D = (d1, ..., dn−1) and F = (f1, ..., fn),
and let (x1 ≥ y1 ≥ · · · ≥ xn ≥ yn) be the non-inreasing rearrangement of the elements
{d1, ..., dn−1, f1, ..., fn}. Dene ri(D, F) = xi − yi for i = 1, ..., n, and let A(D, F) be the
irreduible L-module
A(D, F) =
n⊗
i=1
Vri(D,F).
Theorem 4.3 ([Ya10, Theorem 3.5℄). There is a unique representation (Φ,B) of L
satisfying the following two properties:
(1) For all (D, F) ∈ Λn−1,n, B(D, F) is an irreduible L-invariant subspae of B.
If B(D, F) is nonzero, then B(D, F) is isomorphi to A(D, F).
(2) For all σ ∈ Σ, L ats as algebra automorphisms on B(σ).
Moreover, ResLSL2(Φ) reovers the natural ation of SL2 on B.
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Let TSL2 be the torus of SL2 onsisting of diagonal matries. Let TL = TSL2 × · · ·× TSL2
be the diagonal torus of L. The ation of TL on B(D, F) deomposes it uniquely into
weight spaes, whih, by the above theorem, are one-dimensional.
Remark 4.4. The TL weight spaes of B(D, F) are also weight spaes for the natural
SL2-ation, via the diagonally embedding TSL2 ⊂ L. Moreover, TL is the unique
maximal torus of L ontaining TSL2. Therefore, the deomposition we obtain in this
way is the unique deomposition of B(D, F) into spaes whih are simultaneously
weight spaes for a torus of L and weight spaes for TSL2. Moreover, the hoie
of the torus TSL2 is indued by our hoie of torus of Gn. In other words, the
deomposition of B(D, F) into one dimensional spaes depends only the hoie of
torus of Gn.
We now make this deomposition preise. Suppose (D, F) ∈ Λn−1,n and (D, F) satises
the doubly interlaing ondition (so that B(D, F) is nonzero). Then the weight spaes
of TL on A(D, F), and hene B(D, F), are indexed by Young diagrams E satisfying the
ondition D ⊑ E ⊑ F. Indeed, the diagram E = (e1, e2, ...) orresponds to the weight
(4.1) (t1, ..., tn) ∈ TL 7→ n∏
i=1
t
2ei−xi−yi
i
(f. (Lemma 7.1, [Ya10℄)). Let B(D,E, F) denote the one dimensional weight spae of
B(D, F) parameterized by E.
Corollary 4.5. There is a anonial deomposition of B into one dimensional TL
weight spaes
B =
⊕
D⊑E⊑F
B(D,E, F).
In partiular, B has a TL weight basis whih is unique up to salar.
4.2. The standard monomial basis is the canonical weight basis . We now show
that the standard monomials basis dened in Theorem 3.11 is ompatible with the anon-
ial deomposition appearing in Corollary 4.5. In other words, the standard monomial
basis is the unique (up to salar) TL weight basis of B.
Suppose ∆ ⊂ L is a hain, and the orresponding standard monomial δ∆ has shape
F/D. We say ∆ is of order type σ ∈ Σ if the pair (D, F) is of type σ. The following lemma
shows that order types are intimately onneted to the distributive lattie L.
Lemma 4.6. A set of olumn indies {Ci : i = 1, ..., r} form a hain ∆ = (C1  · · · 
Cr) if, and only if, they satisfy a ommon order type σ ∈ Σ.
Proof. First we note that
Ii is of generalized type (= · · · ≥ · · · =)
Jj is of generalized type (= · · · =)
J′j is of generalized type (= · · · =)
Kk is of generalized type (= · · · ≤ · · · =)
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where in the rst line the \≥" sign appears in the ith position, and in the last line the
\≤" sign appears in the k+ 1th position.
Now suppose a set of olumn indies {Ci : i = 1, ..., r} form a hain in L. Then for all
i ≥ 1 we know that
{Ii, Ki−1} * {C1, ..., Cr}.
Dene a generalized order type σ = (σ1 · · ·σn−1) by
σi =


≥ if Ii ∈ {C1, ..., Cr}
≤ if Ki−1 ∈ {C1, ..., Cr}
= otherwise
Clearly the set {C1, ..., Cr} satises the type σ.
Conversely, suppose the elements of ∆ = {C1, ..., Cr} satisfy a ommon order type
σ = (σ1 · · ·σn−1). Then
σi = \ ≥ " =⇒ Ii ∈ ∆,Ki−1 6∈ ∆
σi = \ ≤ " =⇒ Ii 6∈ ∆,Ki−1 ∈ ∆
σi = \ = " =⇒ Ii 6∈ ∆,Ki−1 6∈ ∆
Therefore {Ii, Ki−1} * ∆ for all i, i.e. ∆ is a hain in L. 
Theorem 4.7. The standard monomial basis is the unique (up to salar) TL weight
basis of the representation (Φ,B) of L.
Proof. First we prove that if C ∈ L then δC is a weight vetor for the ation of TL on B.
Suppose F/D is the shape of δC. Sine D and F are both olumns, by Theorem 4.3(1)
B(D, F) is isomorphi either to a trivial L-module, or to
V0 ⊗ · · ·V1 · · · ⊗ V0
where the term V1 ours, say, in the i
th
position.
In the rst ase, δC is learly a weight vetor sine it is invariant under L. Consider
now the seond ase, and let
~t = (t1, ..., tn) ∈ TL. Then
Φ(~t)(δC) = Φ((ti, ..., ti))(δC)
= ti.δC
where the seond equality follows sine ResLSL2(Φ) is the natural ation of SL2 on B (by
Theorem 4.3). So now it suÆes to see that δC is a weight vetor under the natural torus
ation of TSL2 on B. Indeed, for t ∈ TSL2 we have
t.δIi = δIi
t.δJj = tδJj
t.δJ′j = t
−1δJ′j
t.δKk = δKk
where 1 ≤ i ≤ n − 1, 0 ≤ j ≤ n − 1 and 0 ≤ k ≤ n − 2.
We've shown so far that for any C ∈ L, δC is a weight vetor for the ation of TL
on B. We now show this is true for any standard monomial δ∆ = δC1 · · · δCr . Indeed,
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by Lemma 4.6, the olumn indies {C1, ..., Cr} satisfy a ommon order type. Then by
Theorem 4.3(2), for any l ∈ L
Φ(l)(δ∆) = Φ(l)(δC1) · · ·Φ(l)(δCr).
Sine eah δCi is a weight vetor for the ation of TL, it follows that δ∆ is also. By Theorem
3.11 and Corollary 4.5 we onlude that the standard monomials are the unique (up to
salar) weight basis of the representation (Φ,B) of L. 
We remark that our labeling of standard monomials is ompatible with the deom-
position of B appearing in Corollary 4.5. Indeed, suppose δ∆ is a standard monomial.
In setion 3.1 we showed how to assoiate a triple of doubly interlaing Young diagrams
D∆ ⊑ E∆ ⊑ F∆ to δ∆. Then we have:
(4.2) δ∆ ∈ B(D∆, E∆, F∆).
Example 4.8. Consider δ∆ as in Example 3.10. Let ~t = (t1, ..., t4) ∈ TL. By the
same reasoning as in the proof of Theorem 4.7 we ompute that
Φ(~t)(δ∆) = t
−1
1 t2t
−1
3 t4δ∆.
On the other hand, using (4.1), it's easy to see that B(D∆, E∆, F∆) is a weight spae
of TL orresponding to the harater ~t 7→ t−11 t2t−13 t4.
5. Tori Degeneration and Hibi Algebra for (Gn, Gn−1)
In this setion, we show that B an be atly deformed into an aÆne semigroup ring.
This will provide another ombinatorial desription of branhing multipliity spaes.
5.1. Flat Deformation. From Theorem 3.11, we an realize the branhing algebra B
as an ASL, i.e., the quotient algebra
B ∼= C[zC : C ∈ L]/I
whose dening ideal I is generated by
(5.1)
{
zIizKi−1 − zJ′izJi−1 + zJizJ
′
i−1
: 1 ≤ i ≤ n − 1
}
On the other hand, we an dene a semigroup ring whose multipliative struture is
ompatible with the lattie struture of L (f. [Hi87℄).
Definition 5.1. The Hibi algebra H over L is the quotient of the polynomial ring
C[zC : C ∈ L] by the ideal I0 generated by{
zIizKi−1 − zJ′izJi−1 : 1 ≤ i ≤ n − 1
}
.
We note that eah generator of I0 an be written as zIizKi−1 −zIi∧Ki−1zIi∨Ki−1 by (3.3),
and also it is the rst two terms of the longer relation (5.1) for B. In what follows, by
using an analog of the SAGBI degeneration ([CHV96, Theorem 1.2℄), we show that B is
a at deformation of H.
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Theorem 5.2. The branhing algebra B an be atly deformed into the Hibi algebra
H over L.
Proof. Our goal is to onstrut a at C[t] module R whose general ber is isomorphi
to B and speial ber is isomorphi to the Hibi algebra H. Let us impose a ltration on
B by giving the following weight on eah monomial. Fix a large integer N greater than
2n, and for C = {c1 < · · · < ca} ∈ L we dene its weight as
wt(C) =
∑
r≥1
crN
n−r
Also, we dene the weight of δC as the weight wt(C) of its indexing set C, and the weight
of a produt
∏
δCi as the sum
∑
wt(Ci) of the weights of its fators.
Reall that from Theorem 3.11, every element in B an be expressed uniquely as
a linear ombination of standard monomials δ∆ =
∏
δCi with multiple hains ∆ =
(C1, · · · , Ck). Set F
wt
d (B) to be the spae spanned by standard monomials whose weights
are not less than d:
{δ∆ : wt(δ∆) ≥ d} .
This ltration F
wt = {Fwtd } is well dened from the following observation: every produt∏
δCi an be expressed as a linear ombination of standard monomials with bigger
weights, beause in the straightening laws (5.1) we have
wt(Ii) +wt(Ki−1) = wt(J
′
i) +wt(Ji−1)
=
∑
1≤r≤i−1
rNn−r + (n + i)Nn−i + (n + 1)Nn−i−1
wt(Ji) +wt(J
′
i−1) =
∑
1≤r≤i−1
rNn−r + (n + i+ 1)Nn−i + nNn−i−1
and therefore for eah i,
wt(Ii) +wt(Ki−1) = wt(J
′
i) +wt(Ji−1)
< wt(Ji) +wt(J
′
i−1)
Then we an onstrut the Rees algebra R of B with respet to Fwt:
R =
⊕
d≥0
F
wt
d (B)t
d
and by the general property of the Rees algebras, it is at over C[t] with its general ber
isomorphi to B and speial ber isomorphi to the assoiated graded ring.
For all inomparable pairs (A,B) = (Ii, Ki−1) ∈ L, sine wt(A) + wt(B) = wt(A ∧
B) +wt(A ∨ B), δAδB and δA∧BδA∨B belong to the same assoiated graded omponent
of R. Therefore, we have yA ·gr yB = yA∧B ·gr yA∨B where yC are elements orresponding
to δC in the assoiated graded ring of R. Then it follows that the assoiated graded ring
of R is isomorphi to the Hibi algebra H over L. 
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5.2. Affine Semigroup. Now we want to realize the Hibi algebra H over L as an aÆne
semigroup ring, i.e., a ring generated by a nitely generated semigroup isomorphi to a
subsemigroup of ZN ontaining 0 for some N (f. [BH98, Setion 6℄). Sine B is a at
deformation of H, we expet that ombinatorial properties of branhing rules give rise
to the aÆne semigroup struture of H.
Let us dene the poset Γ onsisting of t
(i)
j for n− 1 ≤ i ≤ n+ 1 and 1 ≤ j ≤ min(i, n)
whih we shall arrange as
Γ =


t
(n+1)
1 t
(n+1)
2 · · · t
(n+1)
n
t
(n)
1 t
(n)
2 · · · t
(n)
n
t
(n−1)
1 · · · t
(n−1)
n−1


with t
(i+1)
j ≥ t
(i)
j ≥ t
(i+1)
j+1 for all i and j.
The set P(Γ) of all order preserving maps from Γ to non-negative integers forms a
monoid generated by the harateristi funtions χS on S = Γ/S
′
for order dereasing
subsets S ′ of Γ
χS(t
(i)
j ) =
{
1 if t
(i)
j ∈ S
0 if t
(i)
j /∈ S
Furthermore, by imposing the following partial order on the set of order dereasing
subsets of Γ , we an identify the Hibi algebra H with the semigroup ring C[P] of P =
P(Γ): for two order dereasing subsets S ′1 and S
′
2 of Γ , we say S
′
1 is bigger than S
′
2, if
S ′2 ⊆ S
′
1 as sets.
Lemma 5.3. There is an order isomorphism between L and the set of order de-
reasing subsets of Γ .
This is an easy omputation similar to [Km08, Theorem 3.8℄. Let us speify this
isomorphism. For eah C ∈ L, we dene the omplement SC of the orresponding order
dereasing subset S ′C of Γ as the union of
S
(k)
C =
{
t
(k)
1 , t
(k)
2 , · · · , t
(k)
m(k)
}
for n−1 ≤ k ≤ n+1 where m(k) is the number of entries in C less than or equal to k. It
is straightforward to hek that this orrespondene gives an order isomorphism. This,
in fat, is an example of Birkho's representation theorem or the fundamental theorem
for nite distributive latties ([Sta97, Theorem 3.4.1℄). See also the example below.
Example 5.4. Let us onsider the following elements from the distributive lattie
L for (G4, G3): A = [1, 2, 4, 5], B = [1, 2, 5], and C = [1, 4]. Then the orresponding
harater funtions an be visualized as, by identifying them with their values at
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t
(b)
a ∈ Γ ,
χSA =


1 1 1 1
1 1 1 0
1 1 0


χSB =


1 1 1 0
1 1 0 0
1 1 0


χSC =


1 1 0 0
1 1 0 0
1 0 0


Note that for T = A,B,C, the number of 1's in the rst, seond, and third row of
χT is the number of entries less than or equal to 5, 4, and 3 in T respetively. The
order A  B  C an be related to the inlusion order on order dereasing subsets
S ′T = χ
−1
ST
(0) of Γ :
χ−1SA(0) ⊆ χ
−1
SB
(0) ⊆ χ−1SC(0).
Proposition 5.5. There is a bijetion between the set of multiple hains in L and
the set of order preserving maps from Γ to non-negative integers.
Proof. The bijetion in the above lemma provides the bijetion between L and the set
of harateristi funtions on the omplements of order inreasing subsets of Γ . This
map an be extended to the multiple hains in L as follows. Let ∆ = (C1  · · ·  Cc)
be a multiple hain in L and for eah i, let χi be the harateristi funtion on SCi
orresponding to Ci given in the above lemma. Then we an onsider the following
orrespondene:
(5.2) ∆ = (C1  · · ·  Cc) 7→ p(∆) = c∑
r=1
χi.
Reall that starting from ∆, by onsidering Young diagrams ontaining entries less
than or equal to n − 1,n, and n + 1 we obtain Young diagrams D,E, and F respetively
with D ⊑ E ⊑ F. Now let us onsider the following order preserving map p : Γ → Z≥0
p(t
(n+1)
i ) = fi
p(t
(n)
i ) = ei
p(t
(n−1)
k ) = dk
for 1 ≤ i ≤ n, 1 ≤ k ≤ n− 1. Then from the onstrution of χi orresponding to Ci, one
an hek that p = p(∆) and this orrespondene gives a bijetion. For further details,
see [Km08℄[Hw05℄. See also the example below. 
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Example 5.6. Let us onsider the hain A  B  C given by the elements in
Example 5.4. By onatenating them we have the semistandard tableau ∆ of the
shape F/D = (3, 3, 2, 1)/(3, 2):
1 1 1
2 2 4
4 5
5
Then the orresponding order preserving map given in the above proof is χSA+χSB+
χSC:
p(∆) =


3 3 2 1
3 3 1 0
3 2 0


Note that the rst row (3, 3, 2, 1) orresponds to the Young diagram F of the
tableau ∆. By erasing the boxes with 5 in the tableau, we obtain the Young diagram
orresponding to the seond row E = (3, 3, 1, 0), and nally by erasing the boxes with
4, we obtain the Young diagram D orresponding to the third row (3, 2, 0).
In fat, from the multipliative struture given in (5.2), this bijetion is a semigroup
isomorphism. Therefore, we have
Corollary 5.7. The Hibi algebra H over L is isomorphi to the semigroup ring C[P]
generated by P = P(Γ).
Consequently, Spec(H) is an aÆne tori variety in the sense of [Stu95, MS05℄, and
Theorem 5.2 shows that Spec(B) is a tori deformation of Spec(H).
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